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Research  Objectives 

The  overall  goal  of  this  research  is  the  development  of 
qualitative  and  geometric  tools  for  studying  the  dynamics  of 
physical  systems  -  particularly  when  the  dynamics  are  complex. 
Attention  has  been  especially  directed  at  fluid  systems  in 
regimes  near  the  transition  to  turbulence.  There  are  two 
specific  areas  of  investigation  that  have  been  emphasized: 

(1)  The  classification  of  typical  bifurcations  in  multi¬ 
parameter  families  of  differential  equations  and  in  families 
of  differential  equations  with  a  specified  symmetry. 

(2)  The  analysis  of  aperiodic  data  with  a  view  towards 
determining  whether  the  data  can  be  modelled  by  a  strange 
attractor. 


These  goals  bear  upon  applications  in  the  following 
manner.  Much  effort  has  been  directed  towards  the  experimental 
study  of  the  "routes  to  chaos"  in  fluid  systems.  Different 
sequences  of  transitions  are  observed  in  different  systems  and 
one  would  like  a  theory  which  could  predict  the  results  of  such 
experiments.  The  bifurcation  theory  problems  being  studied  are 
directed  towards  this  goal.  The  regions  of  a  parameter  space 
near  the  coincidence  of  different  types  of  bifurcation  are 
tractable  places  in  which  to  calculate  successive  bifurcations 
and  to  study  the  effect  of  nonlinear  interactions  between 
different  modes  which  are  becoming  unstable.  The  theory 
developed  here  should  have  broad  usefullness  well  beyond  the 
applications  to  fluid  systems.  For  example,  multiple  bifurca¬ 
tion  theory  is  a  promising  tool  for  studying  complicated 
dynamical  behavior  of  chemical  reaction  mechanisms.  These  give 
rise  to  systems  of  differential  equations  which  are  usually 
time  consuming  to  integrate  numerically  (due  to  different  time 
scales  of  component  reactions)  and  have  many  parameters. 


The  work  on  data  analysis  is  motivated  by  the  desire  to 
model  aperiodic  behavior  by  systems  with  few  degrees  of  freedom 
when  this  is  possible.  Since  fluid  systems  have  an  infinite 
number  of  degrees  of  freedom,  one  would  like  to  determine  those 
regimes  in  which  reduced  models  are  possible.  The  "traditional" 
technique  of  identifying  chaotic  behavior  with  a  continuous 
power  spectrum  does  not  distinguish  data  which  is  random,  has 
many  degrees  of  freedom,  or  comes  from  a  strange  attractor  with 
few  degrees  of  freedom.  This  has  been  the  intent  of  the 
analysis  sponsored  by  this  project.  j- 


Status  of  the  Research 

There  has  been  significant  progress  in  achieving  the 
research  objectives  described  above.  We  describe  the  situation 
with  regard  to  data  analysis  first. 

An  attractor  of  a  dynamical  system  is  a  set  of  trajectories 
towards  which  other  trajectories  are  drawn  (and  does  not  contain 
smaller  sets  with  this  property) .  An  additional  concept  of 
relevance  to  physical  applications  is  the  idea  of  an  asymptotic 
measure  for  the  attractor.  This  is  defined  as  a  measure  with 
the  property  that  it  describes  the  time  that  most  trajectories 
in  the  attractor  spend  in  different  regions  of  the  attractor. 

If  one  thinks  of  a  moving  point  in  phase  space  which  leaves  a 
uniform  trail  of  ink,  the  asymptotic  measure  describes  the 
expected  relative  density  of  ink  after  a  long  time.  With  appro¬ 
priate  technical  assumptions,  one  can  define  a  "fractal" 
dimension  for  a  measure.  The  most  natural  definition  of  this 
dimension  for  the  applications  is  that  it  is  given  by  the  scaling 
behavior  of  the  measure  of  balls.  In  a  space  of  dimension  d  , 
the  measure  of  balls  of  radius  r  will  be  proportional  to 
d 

r  as  r  ■*  0  . 

The  fractal  dimension  of  an  attractor  (or  its  asymptotic 
measure)  provides  a  lower  bound  for  the  number  of  degrees  of  free¬ 
dom  which  one  needs  to  model  the  attractor.  Therefore,  estimates 
of  the  fractal  dimension  of  an  attractor  obtained  from  a 
trajectory  are  directly  relevant  to  the  questions  posed  above. 

Research  sponsored  by  this  project  has  developed  an  efficient 
experimental  technique  for  estimating  the  dimension  of  (the 
asymptotic  measure  of)  an  attractor  from  a  trajectory.  The 
technique  is  based  upon  using  interpoint  distances  between 
observations  to  estimate  the  volume  of  balls  with  respect  to  the 
asymptotic  measure.  Similar  ideas  have  been  used  by  Procaccia 
and  coworkers  and  by  Farmer  and  coworkers.  One  of  the  first 
applications  of  this  technique  is  the  paper  by  Guckenheimer  and 
Buzyna,  examining  data  from  experiments  measuring  low  in  a 
rotating  annulus.  This  technique  has  the  potential  for  becoming 
a  standard  diagnostic  tool  for  distinguishing  data  describable 
in  terms  of  low  dimensional  strange  attractors  from  more 
complicated  aperiodicity .  Further  refinement  of  the  technique 
is  needed  as  well  as  more  extensive  investigation  of  the 
dimensional  properties  of  specific  examples  like  the  Henon 
attractor. 

There  has  also  been  progress  on  multiple  bifurcation 
problems.  A  systemic  review  of  codimensions  two  bifurcations 
at  equilibria  appeared  in  January  1984.  More  recent  work  has 
focussed  upon  the  analysis  of  problems  with  symmetry,  upon 
problems  of  higher  codimension,  and  upon  examples  arising  in 
the  theory  of  chemical  reactors.  A  review  of  the  applications 
to  chemical  reactor  theory  is  being  prepared,  and  it  will  contain 
a  number  of  new  results  about  model  equations  for  stirred  tank 


Status  of  Research  (cont) 


reactors.  Current  work  is  underway  on  the  effect  of  symmetry 
breaking  perturbations  of  a  problem  with  circular  symmetry. 
Examples  of  such  a  problem  are  the  motion  of  a  horizontally 
forced  sperical  pendulum  (previously  studied  by  Miles)  and  the 
sloshing  of  a  cylindrical  container  of  fluid  (studied  by  Sethna) . 
It  is  our  feeling  that  the  previous  work  in  the  bifurcation 
behavior  in  these  problems  is  incomplete  and  that  an  approach 
which  focuses  upon  generic  aspects  of  the  problems  is  warranted. 
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SEMINARS  AND  COLLOQUIA 
John  Guckenheimer 

1981 

Theoretical  Physics  Institute,  Santa  Barbara,  October  9 
U.S.  -  Japan  Workshop  on  Chaos  and  Plasma  Physics,  Kyoto,  Japan, 
November  9-13. 

Mathematics  Department,  Kyoto  University,  November  14 

1982 

Los  Alamos  Conference  on  Order  in  Chaos,  May  24-28 
Singularity  Theory  Seminar,  U.C.  Berkeley,  June  2 
Geophysical  Fluid  Dynamics  Institute,  Florida  State  University, 

June  7-11  ( two  lectures) 

AMS  Summer  Research  Conference,  June  14  -  18 
Theoretical  Physics  Institute,  Santa  Barbara,  July  30 
Sitges  (Spain)  Conference  on  Theoretical  Physics,  September  13  -  17 
University  of  Chicago,  Mathematics  and  Physics  Departments  (3) 
University  of  California,  Berkeley  (2) 

1983 

University  of  California,  Berkeley,  Physics  Department 

Los  Alamos  Center  for  Nonlinear  Studies 

< 

< 

University  of  Maryland,  Symposium  on  Chaos 

Western  Staten  Mathematical  Physics  Meeting,  Calif.  Inst.  Tech. 
Calif.  Inst,  of  Tech.,  Physics  Department 

IEEE  International  Circuits  and  Systems  Conference,  Newport  Beach 
City  University  of  New  York,  Mathematics  Department  (2) 
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1983  (con't) 

University  of  California,  Berkeley,  Mathematics  Department 
NATO  Workshop  on  Testing  Nonlinear  Dynamics,  Haverford 
American  Mathematical  Society  Research  Conference  on  Fluids  and 
Plasmas,  University  of  Colorado- 
American  Mathematical  Society  Regional  Conference  on  Rational 
Maps,  University  of  Minnesota,  Duluth 
Cornell  University,  Mathematics  Colloquium,  October  27 
Cornell  University,  Applied  Mathematics  Colloquium,  October  28 
University  of  Houston,  Mathematics  Colloquium,  November  17 
University  of  Houston,  Physics  Colloquium,  November  18 

1984 

San  Diego,  Dynamics  Days,  January  4 

« 

UCSC,  Mathematics  Colloquium,  January  10 

UCLA,  Mathematics/Nonlinear  Studies  Colloquium,  February  9 
UC  Berkeley,  Nonlinear  dynamics  seminar,  March  21 
M.S.R.I.,  Berkeley,  Rational  Maps  Workshop,  March  26 
Florida,  NATO  Workshop  on  Chaos  in  Astrophysics,  April  11 
Mittag-Lef f ler  Institute,  Sweden,  Colloquium,  May  2 
Mittag-Lef f ier  Institute,  Sweden,  Colloquium,  May  23 

V 

Linkoping,  Sweden,  Swedish  Mathematical  Society,  May  17 
Trondheim,  Norway,  Mathematical  Colloquium,  June  13 


OTHER  PROFESSIONAL  ACTIVITIES 


Chairman  Organizing  Committee.  Workshop  on  Turbulence,  MSRI, 
January,  1984 

Co-Chairman  Organizing  Committee,  Workshop  on  Rational  Maps,  MSRI, 
March,  1984 

Founding  Chairman,  University  of  California  Coordinating  Committee 
on  Nonlinear  Studies 


